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Abstract. Writing the expression of the potential energy in terms of the perturbation of the flux
function, and performing an Euler minimisation, one obtains a system of ordinary differential
equations in that perturbation. For a diverted configuration, the usual vanishing boundary conditions
for the perturbed flux function at the magnetic axis and at infinity can no longer be used. In place of
the vanishing boundary conditions at infinity, an approach to fix "natural" boundary conditions for
the system of differential equations for the perturbed flux function, just at the plasma boundary has
been developed.
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1. INTRODUCTION

Modes having a resistivity sufficiently small such that the Lundquist number
is at least, say 106, can be described by an asymptotic matching method. This
method consists of dividing the plasma into an outer region, where resistivity and
growth rates are negligible, and inner layers of small width containing the rational
surfaces. The outer region and the inner layers give rise to solutions to be matched.

Classical linear resistive mode theory [1] predicts stability when the linear
stability index for the tearing mode , defined as the jump of the logarithmic
derivative of the flux function perturbation across the rational surface, is negative
for the pressureless limit, or smaller than a positive threshold in the finite pressure
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case if the resistive interchange index is less then zero (and unstable if this index is
positive) [2]. There are different approaches to solve the linear stability problem
[3–15].

In the following, based manly on our previous contribution [16] we present
an extension of our method to calculate the linear stage of the tearing modes in a
diverted geometry. Our solving method is very fast and stable even for modes close
to marginal stability. The form in which the tearing modes equations have been
written is suitable to investigate the stabilization of these modes by current drive.
We intend to pay attention mainly to the special aspects due to the presence of the
separatrix for tearing modes calculations with application to a specific discharge of
the ASDEX Upgrade (Axially Symmetric Divertor EXperiment) tokamak [17].

2. GENERAL  EXPRESSION  OF  THE  POTENTIAL  ENERGY

In a coordinate system with straight field lines (a, , ), the equilibrium
contravariant components of the magnetic field Bi and of the current density ji are

( )( ) ( ) ( )0 0
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B j
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The superscript r indicates that the metric coefficients are defined in the
straight field lines coordinate system. In the same coordinate system, considering a
symmetry with respect to the  coordinate, i.e. 0,  Maxwell and equilibrium
equations are
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r
ikg  is the metric tensor, 1[ ]rg a  is the Jacobian of the coordinate
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system, while  is, in general, a periodic function of  and . The prime symbol
denotes differentiation with respect to a, and will be used throughout this paper.
The differentiations with respect to  and  will be noted with ( )  and ( ) ,

respectively.
The energy integral W [19] due to a displacement  of the plasma from the

equilibrium position is given by the well known relation

2 2
0 0
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1 [ ( ) ( )( ) ( ) ]
2

W p p dVB B B (4)

where the displacement vector has the components { },a  and the first order

perturbed magnetic field B  is given by

( ),B B (5)

 is the adiabatic constant.
Introducing two test functions ( )u a  and ( )a  by help of the

relations [20, 21]

u
a

(6)

a u (7)

au u u (8)

where  is the perturbation of the flux function , the contravariant components of
the perturbed magnetic field, expressed by these test functions, are given by
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(9)

Knowing that the most unstable perturbations are incompressible, 0,
we can write

2( ) ( ) ( )r r r a r rg g g g g u
a a

(10)

and replace . The remaining perturbation a in the expression of W can be
replaced by using relations (8) and (7).

By writing the general expression of the potential energy W in terms of the
test functions instead of the displacement, one obtains
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In the following, we develop first the values in Fourier series, perform an
Euler minimisation of the energy functional and then integrate with respect to the
angles  and  the result of that minimisation.

The following Fourier series will be considered

i( ) i( )
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(12)

where m and N are the poloidal and the toroidal wave numbers, respectively (the
“classical” notation n for the toroidal wave number will be used later to designate
the normal component of the perturbed magnetic field). For simplicity, the second
subscript N from the amplitudes Ym, Um, and m has been dropped.

In the expression of the potential energy, used in our stability code, we have
avoided the strong singularity due to the pressure term in two ways: either by
simply considering 0p  in the full plasma domain, or by considering a very local
flattening of the pressure gradient profile (with the width of the plateau of the order
of the linear resistive layer width) at the resonant surfaces, as in Ref. [15], keeping
constant the safety factor profile and updating correspondingly the current density
profile.

To exemplify our approach of determining the boundary conditions for the
differential equations resulting from the Euler equations, we will consider a
simplified case: 0p  and 0.  The last assumption seems to be “natural”,

because at 0  the longitudinal field B  is not perturbed and, hence,  gives
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either a contribution 2 2~ ( )p r B  or 2 2 2~ ,a r q  which is often small [20]. q is the

safety factor.
Taking into account relation (8), we can express Um, mU  and mU  with the

help of Ym, obtaining thus a differential equation in Ym only. The equation for the
mth harmonic is
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0 0( ) ,A j a R B  with j(a) the toroidal plasma current density, R0 the plasma major
radius and its corresponding toroidal magnetic field B0.  is the
rotational transform.

The ijf  coefficients, used in the (a, , ) coordinate system with straight field

lines, can be calculated with the help of the following relations
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where the metric coefficients gik, written in a general coordinate system (a, , ),
are given by an equilibrium solver [18]. With  the conventional averaging
with respect to the poloidal angle  is implied.

In practical calculations, the number of harmonics necessary to obtain a
convergence of 1% in the calculation of  depends strongly on the considered
problem and varies from 15 to 25.

In vector form, the system of equation (14) looks like
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1 ( ),m m NS a aY f G Y V Y (16)

where f, V and G are matrices, and Y is the flux function perturbation vector.
Note that the non-diagonal terms from the f, G, and V matrices represent both

toroidicity and shape coupling effects.
Having practically three boundary conditions: Y(a), ( )aY  with a  0 and

( ) 0Y  (or, in our case 1( ) ( ) given),aa aY Y  we can solve our system of

ordinary differential equations either as a Cauchy problem or as a Two Point
Boundary Value one. We have chosen the second approach and

To obtain a well conditioned system, in the r.h.s. of equations (16) a source

term has been added, where S is a constant while ( )m m Na a  is the Dirac
operator vector with a single non-vanishing element, that corresponding to the
resonance surface of the mth mode.

This source term S allow us to have a jump in Y  but with continuous Y
across the resonance surfaces. This constant determines the amplitude of the
solution Y and can be different for each harmonic. For a very large domain of its
value, a convergence in the calculation of  is ensured. In our approach we have
to consider a single main harmonic at once and consider the remaining ones as
satellites acting via toroidal and shaping couplings and afterwards to consider
another harmonic as the main one and the remaining as satellites.

To solve the system of coupled ordinary differential equations (16), a sweep
method based on a fourth-order Runge-Kutta integration scheme with an adaptive
step-size has been used. Two fundamental solutions are started: one from the
magnetic axis to the resonance surface, and another from the plasma boundary
toward the reference singular surface.

3. BOUNDARY  CONDITIONS  FOR  THE  MODE  EQUATIONS

Close to the magnetic axis (a  0), we have found the following behaviour
of the amplitude of the flux function perturbation

42
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where am/N is the resonance radius corresponding to the wave numbers m and N

respectively. Obviously, we know also the behaviour of ( )mY a  near the magnetic
axis.

Due to the presence of the separatrix, the boundary conditions for the second
order differential equation governing tearing mode stability, can no longer be
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taken, as is usual, at the magnetic axis and at infinity (practically, at three plasma-
radii). Therefore, we have to consider a "natural" boundary condition just at the
plasma boundary [22].

From potential theory we know that a continuous surface distribution of
simple sources extending over a not necessarily closed Liapunov surface D  [23]
and of density ( ),q  generates a simple-layer potential at p, in D

( ) ( ) ( )
D

g dqp q p q

where ( ) 1 ,g p qp q r r  with r the position vector, is the three-dimensional free

space Green’s function. Roughly speaking a Liapunov surface has a continuously
varying tangent plane at each point, but it does not necessarily possess a curvature
everywhere and is slightly less general than a Kellogg regular surface [23]. This
potential is continuous everywhere, is differentiable to the second order and
satisfies Laplace’s equation and is therefore a harmonic function everywhere
except at .D  If  is Hölder continuous at ,Dp  then the tangential derivatives
of  exist and are continuous at p, while the normal derivatives of  exist and are
discontinuous [24–26].

If we draw a normal line to one side of D  at p and locate points on the
normal by a variable n  which increases moving away from ,D  then at any point
on the normal, other than ,Dp  we have

( )( )
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where ( )g np q  denotes the derivative of g at p, keeping q fixed. At p we have
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With ,B  and ( ) nn Bp  we can write the basic relation of the
magnetic field produced by a general surface charge distribution on a toroidal
closed surface :D

2 ( ) ( ) ( ) ( )n nl l b l l dl d B l (18)

with l a contour coordinate, and ( )nb l l  the normal magnetic field given by
a unit surface charge. The ( ) ( )l r z  coordinates represent the field point p, while
the ( ) ( )l r z  coordinates represent the source point q. In our attempt to find a

surface charge distribution that gives the magnetic field ,nB  we have to keep in
mind that as with any magnetic field, the normal components are continuous, while
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the tangential components present a jump (due to surface currents). In contrast, the
tangential derivatives of  are continuous, while the normal ones jump on D  due
to the presence of the surface charge.

Assuming the following “classical” dependencies on  for fields and charges
in a cylindrical coordinate system ( )r z

i i( ) ( )e ( ) ( )eN N
n nN NB r z B l r z l (19)

Eq. (18) becomes

i2 ( ) ( )e ( ) ( )Nu
N N n nNl l b l l u dl du B l (20)

where .u  Making the notation

i( ) e ( )Nu
nN nb l l b l l u du (21)

we obtain finally

2 ( ) ( ) ( ) ( )N N nN nNl l b l l dl B l (22)

The normal and tangential field components are given by

( ) ( ) ( ) ( ) ( )nN r rN z zNb l l n l b l l n l b l l (23)

and

( ) ( ) ( ) ( ) ( )N r rN z zNb l l l b l l l b l l (24)

where nr and nz are the components of the normal vector, r zn  and z rn  are

the components of the tangential vector, while rNb  and zNb  are the r and z

components of the magnetic field given by a unit surface charge. On the other
hand, the tangential and the normal components of the perturbed magnetic field are
related to the perturbed magnetic flux by the relations
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In fact, these two relations hold for any coordinate system.
Let us assume that charges are distributed on the a = 1 surface (the plasma

boundary) according to the distribution



9 The energy principle applied to diverted Tokamak configurations 643
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where, CmN’s are the unknown complex amplitudes of the charges.
Using the notation

i ( ) i ( )( ( )) 2 e e ( )m l m l
nmN nNB l b l l dl (28)

and
i ( )( ( )) e ( )m l

mN NB l b l l dl (29)

the resulting field components, due to all the charges, and considering Eq. (12) for
, are:
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In vector form

D C Y F C Y (33)

where D and F are [ ]M M  complex matrices, with the elements given by
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1 ,k j … M 1 2[ ]TN N MNC C … CC  and 1 2[ ]TMY Y … YY  are [M]
vectors.

By eliminating the C vector, one obtains
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1Y F D Y (36)

For the numerical integration of Eq. (16) a sweep method has been used

1k k k kY Y (37)

with k  a known [ ]M M  coefficient matrix and k  a known [M] coefficient
vector, both resulting from a forth-order Runge-Kutta integration scheme.

Thus, the boundary condition at the plasma boundary becomes

11
1k k khY I F D (38)

with I the unit matrix and h the “radial” integration mesh. Note that the boundary
conditions for Y are the result of a poloidal coupling of all surface charge
distributions CmN.

To calculate the m N  stability parameter, the classical definition has been

used

m m
m N

m m
m N m N

Y Y
Y Ya a

(39)

For unit perturbations 2 1Y  (m = 2, N = 1) and 3 2Y  (m = 3, N = 2), the

corresponding surface charge distributions 2 1C  and 3 2C  are given in Fig. 1.

Fig. 1 – The surface charge distribution along the plasma boundary for unit flux
perturbations Y2/1 and Y3/2, respectively. The plasma configuration of the ASDEX

Upgrade tokamak corresponding to the shot no. 13476 at 5.2 s has been considered.
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4. CONCLUSIONS

In this paper the calculation of tearing modes in toroidally diverted plasma
configurations are given, with particular attention paid to the boundary conditions.
These results are based mainly on our previous paper [16].

Due to the separatrix, the determination of the flux function perturbation
(necessary for stability calculations) can no longer make use of the boundary
conditions of this perturbation at infinity. Starting from potential theory, a
“natural” boundary condition for the flux function perturbation, just at the plasma
boundary, has been deduced. This approach of fixing “natural” boundary
conditions on the separatrix can be used also for tearing modes calculation in the
Rutherford regime and at their nonlinear saturated stage.

As an example of application of our approaches, a particular equilibrium
configuration of the ASDEX Upgrade tokamak has been considered and a detailed
investigation of the dependence of the tearing stability parameter  on plasma
shape is given for a realistic tokamak equilibrium. The results shown above are at
least in qualitative agreement with experimental observations on ASDEX Upgrade
[27] and JET [28] of a stabilizing influence of triangularity.

The knowledge of  for realistic tokamak plasmas is especially important
for an understanding of the plasma stability against NTMs [29].
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