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Abstract. The Friedmann-Robertson-Walker universe is re-examined in the context of
fractional action-like variationa approach or fractionally differentiated Lagrangian function
depending on a parameter @ recently introduced by the author to model nonconservative and weak
dissipative classical and quantum dynamical systems. It is non-standard only in that within the
framework of fractional action principle the gravitational constant G was proved to be perturbed by a
certain decaying factor given by DG :3(1- a)H/4pGrT , H is the Hubble parameter, r is the
matter-density and T is the cosmic time. A suggestion is made to replace the "cosmological
constant" by "dissipative force".
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1. INTRODUCTION

Fractional calculus plays an important and leading role in the understanding
of complex classical and quantum (conservative and nonconservative) dynamical
systems with holonomic as well as with nonholonomic constraints [1-2 and
references therein]. Its origin goes back more than three centuries, when in 1695
L'Hopital made some remarks to Leibniz about the mathematical meaning of a
fractional derivative of order 1/2. Leibniz's response was “an apparent paradox,
from which one day useful consequences will be drawn”. In these words fractional
calculus was born. After that, many famous mathematicians (J. Fourier, N.H. Abel,
J. Liouville, B. Riemann, etc.) contributed strongly to the fractiona analysis
program, e.g. fractional derivatives and integrals. Although the fractional theory is
very rich, it was considered for more than three centuries as a theoretical
mathematical field with no physical interests. In the last few decades, fractional
theory was proved to be very useful and important in various fields of science
including classical and quantum physics, field theory, solid state physics, fluid
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dynamics, turbulence, chemistry in general, nonlinear biology, stochastic analysis,
nonlinear control theory, image processing [1,2]. While various fields of
application of fractional derivatives and integrals are already well done, some
others have just started in particular the study of fractiona problems of the
Cdlculus of Variations (COV) and respective Euler-Lagrange type equations is a
subject of current strong research and investigations [4-8]. The physical reasons
for the appearance of fractiona equations are, in general, long-range dissipation
and non-conservatism. For this reason, it seems of interest to study the fractional
Hamiltonian of nonconservative dynamical systems.

In a recent work we developed a novel approach known as the fractional
action-like variational approach (FALVA) or fractionally differentiated Lagrangian
function (FDLF) to model and describe nonconservative Lagrangian dynamical
systems within the framework of fractional differential calculus [9, 10, 11]. In our
proposed method fractional time integral introduces only one parameter a whilein
other models an arbitrary number of fractional parameters (orders of derivatives)
appears. The FALVA is based on the following concept: consider a smooth
manifold M and denote L:R ~ TM ® R be the smooth Lagrangian function. For

any piecewise smooth path g:[to,t,] ® M we define the fractional action by:

1. : Ll .
S [0]0 =~ (o (t).o(t)t)(t-t)  dt = §L(da.t)dg (t)® min, (1)
G(a)to to=0

where L(d,gt) is the Lagrangian weighted with (t-t )a'l/G(a) and
G(1+a)g (t)=t* - (t-t)* with the scaling properties g (nt)=nfg(t),
m>0. In redlity, we considered a smooth action integral (atime smeared measure
dg, (t) on the time interval [0,t]T R *) which can be rewritten as the strictly
singular Riemann-Liouville type fractional derivative Lagrangian

Sui (ogy[a] = D¢ *PL(a(t).alt).b)=

=6 400.e(0) 15 8 e a0 (0. )a

and thereby retrieved the standard action integral or functional integral. In this
work, we have b =1-a,al (0,1) . Such type of functional is known in mathematical

economy, describing, for instance, a so called "discounting” economical dynamics.
Let L:R " TM ® R be the Lagrangian map, (po, ;) are two fixed points

and g:[to,,]® M be a smooth path such that g, = p;,i =0,1and S [g]£ S [d]
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for any smooth pathg:[t;,t;]® M joining py® p;. Then, gsatisfies the
fractional or modified Euler-L agrange equation:
i d (ﬁTLd_l-a&O —

Ll F, 2
fTg dt &gy t-t fd @

F is the modified frictional force, a common type of non conservative force.
When a =1, we find the standard Euler-Lagrange equation and at late times, that

ist ® ¥, F® 0. The FALVA or FDLF was proved to have conseguences and
applications in various fields of science ranging from classical dynamical systems
to differential geometry and modern cosmology [12-16]. We will discuss in the
next section the important implications of the fractional action integral formalism
in Riemann geometry and cosmology.

2. FALVA, RIEMANN GEOMETRY AND PERTURBED GRAVITY

An important implication of our variational principlesis within the context of
Riemann geometry. In our previous works, we considered the following
Lagrangian:

L=L(x%! )=gm (x %) XX (3)
and its corresponding modified geodesic equation

xm+a?'lxm+q§g>‘€‘>‘<d =0, )

with solutions x™=x™(I ), G is the Christoffel symbol. The second term is the

predicted time-decaying friction term. It was showed in [12] that equation (4) will
modify the General Relativity by perturbing the gravitational constant "G" by a
certain decaying factor given by:

3(1-a)Rr
4pGrT R

(5)

at late times, r being the fluid density and R(T) is the scale factor of the

universe. We expect how some important consequences in Friedmann-Robertson-
Walker (FRW) cosmology with the presence of the cosmological constant L. In
the traditional Einstein General Relativity, L is fixed, and it serves as the source
for the metric field: in other words the input in the Einstein field equation is L , the
output is de Sitter expansion, if matter is absent. The Einstein field equation does
not allow us to obtain the time dependence of the cosmological constant, because
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of the Bianchi identities Gy, =0,Gyp, © Ry - (/2) 9 R @nd covariant conservation

law of matter TH{™"*) =0 both leading to L =0. But they alow us to obtain

the value of the cosmological constant in different static universes, such as the
Einstein closed Universe, where the cosmological constant is obtained as afunction
of the curvature and matter density [17]. In what follows, we make use of the

Raychaudhuri expansion scalar factor v, © 33 =3R/R. In FRW cosmology, the

term DG modifies the Friedman equations in the absence of the cosmological
constant as follows [18]:

¥ 2(a-1)F
i ( )EJ,LZ:_&OGr, 6)
R T R R 3

R,a-1R__4Cr @)
R T R 3

for zero pressure (dust), while in case of radiation (p=r/3), we get the
differential system::

R* 2(@-1)R, k _8Gr

R T RR 3 )
R,2@-1)R__&0r , 9)
R T R 3

k=-1,0,+1 for open, flat and closed spacetime respectively. Equations (6) and
(8) can in fact be written in an alternative forms like:

R k _8Gé (l-a) 3 RU, &G, . , ‘
A ar + —n° e +rd . U, 10
RR RE 3 & T 4#4GRyj 3 €  c=mol (10

Where 1 fecaing © 3(1- @) R/4pGRT is the fractional decaying density. Thisis to say

that the density is perturbed. This perturbation can be viewed as a decaying
vacuum density or a decaying cosmological constant explaining the small value of
Einstein lambda and become suppressed for T® ¥ .

3. THE VACUUM CASE
Let us now consider the very early universe and choose for simplicity the

spatialy flat solution (k=0). Consequently, equations (6) and (8) yields with
p=-r:
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R? 2(a-1)R
—= 11
R2 T R 0 (11

and two possible solutions exist: R=constant and Rt Tdta), The first solution
corresponds to a static empty universe and the second one corresponds to an
accelerated expansion for 0<a <1/2, to an eternal expansion for 3/2<a <1 and to

a decelerating expansion for a >1. An empty universe with zero energy density
and zero cosmological constant can accelerates with time. In case k! 0, equations
(6) and (8) are written in the following form:

RH@RRH(:Q (12)

A redlistic solution corresponds to Ru T with -1<k=1- 2a <0for O<a <1,
yielding that the universe will expand forever. In other case, only open modified
spacetime are acceptable and realistic. Note that for a =1/2, k=0, eg. we find

the previous solution. It is interesting to have an accelerating vacuum or empty
space-time in the absence of the cosmological constant where only decaying
friction force exists [19, 20, 21].

4. THE INFLATIONARY SOLUTION

We choose again for simplicity the spatially flat solution (k=0). From
eguation (6), we obtain:
R*, 2(a-1)R_8pGr
R T R 3
In the absence of the gravity perturbations, the solution of equation (11) is given by
the familiar de-Sitter inflationary solution Rp e H =,/80Gr /3=constant. r

and G are constants. In the presence of the perturbed gravity, a possible
inflationary solution is given by:

(13)

e(l a)z @ T24(1-a), (- a)2 8pGr o ae - a) ?Ju
- . : z 8pGr 2 8p3(;r Inf‘ 8DGr \jSPGr 2+13
= g Gr 1 ea—l-l-l-ae g(l a)*- (l-a)\/ ¢ 5(14)

3 2(1-a)

where 0<a <1. Thefirst constant terms are set for dimensional reasons. It is easy
to check from Friedman equations (6) that the classical inflation with the equation
state p=-r ispermitted.
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5.ACCELERATION OF THE LATE MATTER-DOMINATED UNIVERSE

Now suppose the pressure p=0and k =0, we get from equations (6) and (8):

—.+.—=O (15)

A possible solutionisgivenby R=T™, where m=(6- 4a)/3, m>1for a <3/4,

and the acceleration of the universe may be attributed to the fractional dissipative
force. Consequently, the matter-density of the universe decays as

r p2a(6- 4a)/9T? independently of whether the gravitational constant is

constant or variable and in agreement with most of the theoretical cosmological
scenarios described in literature [22-39]. For a <3/4, the deceleration parameter

q° - RR/R? =(1- m)/m=(4a - 3)/(6- 4a) is negative, the age of the universe is
H=nyT =(6- 4a)/3T and consequently 1/T <H <2/T in agreement with
recent observations [19, 20, 21]. The density parameter of the universe is given by
W'=r/r.=2a/(6- 4a) and WO =1 if there exis W' such that
W' =1- W"=3(1-a)/(3- 2a). In other words, we shall define a fractiona

decaying friction force r ; p (1- a)(3- 2a)/T2. Moreover, W@ =1 for a =1.

In most of the theoretica models described in literature, the universe must be
accelerated if there is a positive cosmological constant. This was been interpreted
by postulating an increasing gravity and as a result, the universe has to increase its
expansion rate to escape the future collapse or aternatively, the decayed vacuum
energy is given as a kinetic energy to accelerate the expansion of the universe. In
our model, the cosmological constant is equal to zero and the accelerated
expansion is attributed to the presence of afriction decaying force.

6. THE RADIATION-DOMINATED EPOCH

This is characterized by the equation of state p=r /3 and is modeled by
equations (8) and (9) combined in the following form(k = 0) :
E N 4(a-1) R R

—+—=0. 16
R T R R? (1)

A possible solution is given also by the power-law R=TP, where p=(5- 4a)/2.
p>1 again for 0<a <3/4 and the acceleration of the universe may be attributed
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again to the presence of the fractional dissipative force. Consequently, the
radiation-density of the universe decays as r p (5- 4a)/4T2. For a <3/4, the
deceleration parameter q=(1- p)/p=(4a - 3)/(5- 4a) is negative, the age of the
universeis H = p/T =(5- 4a)/2T and consequently /T <H <2/T in agreement
again with recent observations. The density parameter in the radiation epoch of the
universe is given by W =r/r =1(5-4a) and WO =1 if
W' =1- W =4(1- a)/(5- 4a) and consequently, the fractional decaying friction
force in the radiation epoch is given by r ¢ p (1-a)(5- 4a)/T2. It is also easy to

verify that W@ =1 for a =1.

7. PARTICLE CREATION IN THE MATTER AND RADIATION
DOMINATED EPOCH

We now turn to calculate the rate of particle creation (annihilation) which is
defined as n, :(1/R§)(d(r Rs)/dT)O, where R, is the actual value of the scale

factor [18]. In the matter-dominated epoch, simple mathematical manipulation
gives n, =6(1-a)roH,/(3- 2a), with 0<a <3/4. H, isthe present vaue of the
Hubble parameter. Note that for a =1, there is no particle creation or annihilation

as in the standard model. For the restricted value of the fractional parameter,
roHo <np <2roH, and this rate is less than that of the Steady State Cosmology

which is 3r gH. Thisis to say that the decaying fractional force introduced from
the fractiona function action is responsible of the creation of particle in the
universe. In the radiation-dominated epoch, we find n, =roH, (11- 12a )/(5 4a)
which for the restricted value of a yields roH, <n, <1lr H /5 less again than

that of the Steady State Cosmology and in contrast to the Standard Model, where
there are nor creation neither annihilation.

8. CONCLUSIONS

While vast literature exists to address the observational fact of the current
expansion and evolution of the universe, we are not aware of models similar to the
one developed in this paper. In summary, we have discussed through this work a
modified cosmology from fractional action integral approach with its main feature
a "perturbed gravity" and consequently a "dissipative cosmological constant”. Our
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approach is an extension of the Einstein's General Relativity. We have showed that
the modified fractional cosmology enrich the Big-Bang cosmology. The
cosmological constant in our formalism is zero and the accelerated expansion of
the universe may be attributed to the fractional dissipative force with no need to
introduce any kind of exotic matters or scalar field. The age, horizon and flatness
problems are better solved.

Further consequences are in progress, in particular the presence of ultra-light
masses in the theory which were proved recently to play an important role in many
cosmological scenarios [40-52]. Although, the presence of friction in Genera
Relativity and vacuum needs more investigation, the model described in this paper
reveals nice interesting features and could have important consequences in
quantum field theory, quantum gravity and modern astrophysics. Further
conseguences and details are in progress.

Acknowledgments: The author would like to thanks the anonymous referees for their useful
comments and suggestions.

REFERENCES

1. Samko S.G., Kilbas A.A., Marichev O.1., Integraly i Proizvodnye Drobnogo Poryadka i Nekotorye
ich Prilozheniya (Integrals and Derivatives of the Fractional Order and Some of Their
Applications), Naukai Teknika, Minsk, 1987; English trandation: S.G. Samko, A.A. Kilbas,
and O.l. Marichev, Fractional Integrals and Derivatives, Gordon and Breach, Amsterdam,
1993.
. Oldham K. B., Spanier J, The fractional Calculus, New Y ork., London, Acad. Press, 1974.
. Podlubny 1., Fractional Differential Equations, Academic Press, New York, 1998; Fractional
Calculus and Applied Analysis, 5, 4, 367 (1999).
. Baleanu D., Signal Processing 86, 10, 2632 (2006).
. Baleanu D., Muslih S.I. and Tas. K., J. Math. Phys. 47, 10, Art. No. 103503 (2006).
Baleanu D. and Mudlih S, Phys. Scripta, 72, 2-3, 119 (2005).
Mudlih S. and Baleanu D., Math. Anal. Appl., 304, 599 (2005).
Stanislavsky A.A., Eur. Phys. J., B49, 93 (2006).
. EI-Nabuls R.A., Fizika, A14, 4, 289 (2005).
10. El-Nabulsi R.A., Int. J. Appl. Math, 17, 3, 299 (2005).
11. ElI-Nabuls R.A., Int. J. Appl. Math. & Statistics, 5, S06 (Special Issue dedicated to Prof.
Jagannath Mazumdar) 5061 (2006).

12. El-Nabulsi R.A., Rom. J. Phys,, 52, 3-4, 441 (2007).

13. EI-Nabulsi R.A., On the Fractional formulation of Feynman path integral in quantum field
theory, Jour. Geom. Topology, in press, 2007.

14. ElI-Nabuls R.A., Weak decaying FRW symmetric universe and modified superaccelerated
cosmology, Journal of Symmetry, special issue: Chirality and Asymmetry, in press, 2007.

15. ElI-Nabulsi R.A. and Torres D.F.M., Necessary optimality condition for fractional action-like
variational approach with Riemann-Liouville derivatives of order (alfa, betta), Math. Methods
Appl. Sci., Wiley, in press, 2007.

16. ElI-Nabulsi R.A., Dzenite I.A. and Torres D.F.M., Fractional action functional in classical and
quantum field theory, Scientific Proceeding of Riga Technical University, 48" International
Thematic Issue: Boundary Field Theory and Computer Smulation, 2006.

w N

©END U



9 Cosmology with afractional action principle 771

17. Volovik G.E., Pisma Zh.Eksp.Teor.Fiz., 77 407 (2003); JETP Lett., 77, 339 (2003).

18. Weinberg S., Gravitation and Cosmology, New Y ork: Wiley (1971).

19. RiessA.G. et a, Astron. J., 116, 1009 (1998).

20. Perlmutter S. et al, Astrophys. J., 517, 565 (1999).

21. Sschmidt B.R. et a, Astrophys. J., 507, 46 (1998).

22. Arbab A.1., Class. Quantum. Grav., 20, 93 (2003).

23. Arbab A.l., Gen. Rel. Gravit., 29, 61 (1997).

24. Arbab A.l., Astrophysics and Space Science, 259 371 (1998).

25. Arbab A.l., astro-ph/9811422.

26. Arbab A.l., Chin. J. Astron. Astrophys., 3, 113 (2003).

27. Arbab A.l., Gen. Rel.Gravit., 32, 615 (2000); 29, 61 (1997).

28."Ozer M. and TahaM.O., Phys. Lett., B 171, 363 (1986).

29. Overdin JM. and Cooperstock F. I., Phys. Rev., D58, 043506 (1998)

30. Al-Rawaf A.S., Mod. Phys. Lett., A 13 429 (1998)

31.LimaJd. A.S., Phys. Rev., D54, 2571 (1996)

32. Lopez JL. and Nanopoulos D. V., Mod. Phys. Lett., A11, 1 (1996).

33. Abdel-Rahman A.—-M.M., Phys. Rev., D 45, 3497 (1992).

34. Abdusattar A. and VishwakarmaR. G., Class. Quant. Grav., 14, 945 (1997).

35. Chen W. and Wu Y .-S,, Phys. Rev., D 41, 695 (1990).

36. Carvalho J.C., LimaJ. A.S. and Wagal., Phys. Rev., D 46, 2404 (1992).

37. Berman M.S. and Som M.M., Int. J. Theor. Phys., 29, 1411 (1990).

38. Berman M..S,, Gen. Rel. Gravit., 23, 465 (1991).

39. Berman M..S,, Int. J. Theor. Phys., 29, 1419 (1990).

40. El-Nabulsi R.A., Phys. Letts., B 619, 26 (2005).

41. El-Nabulsi R.A., Chin. Phys. Lett., 23, 5, 1124 (2006).

42. El-Nabulsi R.A., E. Jour. Theor. Phys., 10, 15 (2005).

43. El-Nabulsi R.A., E. Jour. Theor. Phys., 9, 1 (2006).

44. El-Nabulsi R.A., E. Jour. Theor. Phys., 7, 27 (2005).

45. El-Nabulsi R.A., E. Jour. Theor. Phys., 3 13, 71 (2006).

46. El-Nabulsi R.A., Rom. J. Phys,, 52, 1-2, 127 (2007).

47. El-Nabulsi R.A., Rom. J. Phys,, 52, 1-2, 153 (2007).

48. El.Nabulsi R.A., Fizika, B15, 4, 157 (2006).

49. El-Nabulsi R.A., Electromagnetic cosmological constant from massive electromagnetically
coupled complex scalar and non-minimal curvature coupling, J. Symmetry — Specia Issue:
Chirality and Asymmetry, 2006.

50. ElI-Nabulsi R.A., Radiation dominated FRW cosmology with first-order semiclassical quantum
corrections, fast-time increasing gravitational constant and decaying effective cosmological
constant, submitted to E. Jour. Theor. Phys.

51. Weinberg S., Rev. Mod. Phys., 61, 1 (1989).

52. Padmanabhan T., Phys. Rept., 380, 235 (2003).





