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Abstract. A quantitative analysis of the Schlieren images, characterized by high accuracy (comparable to
the interferometric methods), is presented. We find new analytical formulae reating the intensity
distribution in the Schlieren image to the refraction index gradient distribution in the fidds of transparent
fluids, in the special cases of the flows around planar (thin) structures and axi-symmetric ones. The digital
processing of the Schlieren image is suitable corrected and calibrated and by using our formulae, leads to
precise measurement of the refraction index gradient distribution in a supersonic flow. Then, utilising the
Gladstone-Dale relation, we determine the distributions of mass density and of pressure in the flow, which
are coinciding with the results of theoretical modeling of the flow in the limits of 5%. Moreover, we give
here a generalization of our analytical results to the cases of fluid flows without symmetry, which allows
the tomographic visualisation of these flows.
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1. INTRODUCTION

The complex problems of the mass and heat transfer in the fluid dynamics can be serioudly
simplified by the visualisation of the corresponding processes. An image of the flow could bring
important information for the quantitative description of the fluid dynamics and for the some
convenient analytical solutions. The flow visualisation can also focus other quantitative
measurements to the domains of interest.

A widespread optical, non-invasve method for the visudisation of the phase
inhomogeneities in the transparent media and of their spatio-temporal evolution is the Schlieren
method [1-4]. The Schlieren method is frequently used in the qualitative analysis of the refraction
index gradient in fluid flows. In transparent fluid flows, the refraction index gradient distribution
can be correlated to the corresponding distributions of density, temperature and pressure.

Previous works tried to give a quantitative interpretation of the Schlieren images with
precise analytical solutions of the corresponding inverse problem (obtaining the refraction index
gradient distribution from the intensity distribution in the Schlieren image) [5-22]. However, a
genera analytical treatment and experimental tests of its accuracy are still matters of research.

In the present work, we give a quantitative analysis of the Schlieren images, characterized
by high accuracy (comparable to the interferometric methods), in a more simple and less
expensive visudisation system. We present new anaytical formulae relating the intensity
distribution in the Schlieren image to the refraction index gradient distribution in the fields of
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transparent fluids, in the spedal cases of the flows around planar (thin) structures and axi-
symmetric ones. The digital processng of the Schlieren image was siitable wrreded and
cdibrated and by using our formulag led to the predse measurement of refradion index gradient
distribution in a supersonic flow. Then, utilising the Gladstone-Dale relation, we have determined
the distribution of massdensity in that flow, which is coinciding, with the results of the theoreticd
model of the flow in the limits of 5% [5, 6].

Moreover, we have generalized our analyticd results to the fluid flows without symmetry,
by using a Radon-type transform, which all ows the tomographic visuali sation of these flows.

2. A QUANTITATIVE SCHLIEREN METHOD
A typicd Schlieren system with lenses and a “knife-edge” filter oriented perpendicularly to

the x-axis is own in Fig.1. If the complex amplitude of the input opticd field (X O'y’), at the
entrance window of the transparent fluid (IN), is described by the 2D complex function: fou(X',Y’)

= \/_e“”(x'*y') the distribution of the opticd field in the output plane (OUT, (xOy)) is:

- X,-y)= J’J’h%——x y—; yEob(X',y')dX’dy’- (1)

where f; and f, are the focd distances of the Fourier lenses.

IN fo(X'. ¥) Lentilal u Lentla2 oyt 9% )

Lo Ax A A A
—

> >
z

—

L2

__Fl__i_F_l_____Fz__V__Fz__

Fig.1. Schlieren system with lenses.

Congdering in (1) the e(plicit expresgon for the impulse response of the linea amplitude filter:
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with L, the Schlieren system aperture dimension (equal to the light beam diameter in the input
plane), the light intensity in the output plane can be found as [5, 6]:

1(x,y)=g(- x-y)* = %HH A, Eﬁ‘p[f/f@( f/f)y]gz 3

in which | is the uniform light intensity in front of the input plane (and can be measured aso in
the output plane, in an unperturbed flow zone) and A is the light wavelength. We introduce the
notations:

1 f f f f 2 °
| ==1,BLtH:; n.=nE1tx-ty-1z X Y) == [|n,(x,y,2) —n, |dz 4
m4of2§ S%fzyg%“”d[(y) ] (4

and n,, for the fluid refraction index (in a stationary/unperturbed zone) and Eq.(3) can be cast in
the form:

I(x',y) _2f, 0
11/(00) Laxf[ (x.y. 2z (5)

In geometrical terms, up to the constant (2f, /L), the right hand side of Eq.(5) can be identified

to the tangent of the vertical deviation angle of the light rays due to the perturbing object from the
input plane. Thus, we can denote:

U
ig— X y ——[Ftang,; (onOx) tang, =¢,.
Zle |°o D

By integrating in Eq.(5) with respect to x, we obtain:

Py Imegraing 1 £6(9) Wi
jg,—,/'(lx’y)gx'f—ilj[ns(x, y.2)-n. ©

Thus, the problem of Schlieren image analysis, namely the determination of the refraction index
distribution in the input plane from the output light intensity distribution (Schlieren image), can be
solved using Eq. (6). For its effective solving, we shall analyse, firstly, two particular cases, which
are important in applications.

Case 1. Thin (planar, 1D) object

In this case, ns (X,y,2) does not depend on the coordinate z and the inversion in EQ.(6) is
straightforward The distribution of refractive index in the input plane can be obtained as [5]:

f, f, I (x
Bclon = i 2

whered is the constant thlckn&es of the object in transversal direction, Oz.

Case 2. Axial-symmetric object (around Oy-axis)

A section through the object with the plane y = constant is presented in Fig.2.
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Fig.2. Geometry of axi-symmetric objects.

In Fig.2, we introduce the notations:

OA= rl(y)’ OB = rz(y); DC = rzz(y)_ rlz(Y)’ OE = x

r(y)s x<rn(y)

EF =E6=i()- ¢ o
v zz(y)_ x*<z< * rzz(Y)_ Xz!

Thus, we can write:
o () JEOrr

J= J’ [n.(x,y,z)-n, Jz= [n.(x,y,2)-n Jz=2 J’ [n.(x,y,2)-n,]dz (9)
= ~ r;J(y>—x2 0

Due to the axia symmetry, it is convenient to introduce in (9) the radial coordinate in the plane
xOz, namely r = (x +Z )”2 and to calculate:

() r(y)

2 rdr 2 rdr'
J= 2J’[n r,y)-n ] J’[n -n,] ol (10a)

which is an Abel-type mtegral equation:

P y) I Y) ' '
E /'(X )Ei _4— y)—nm]\/:'zd%rz (100)

ThIS equation can be mverted in order to produce the refraction index distribution [1,5, 6, 28]:

ro(y) : .

f, f, L /Iix,yi dx
n rh—ye-n,6 =— - . 11
f, f, YE 2f, 4 E I EIT\/X'Z—I‘2 D
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Thus, the first inverse problem in the Schlieren method is solved and we can calculate exactly
the refraction index distribution from the intensity distribution recorded in the Schlieren image,
givenf,, f, n,, L and .

For the cases 1 and 2, the optical object is formally divided in planes, which are parallel to
the plane xOz. At the height of such a plane, y«, we can successively apply the previous formulae
and we can reconstruct the refraction index spatial distribution from the set of two-dimensional
distributions in the planes yk.

Case 3. Non-symmetrical objects

We consider that the phase object isimmersed in a matching fluid, such asits phase is small:

nly)-n 1- (12)
r]L

The above described method for axial-symmetric objects could be generalised for the visualisation
and the measurement of the non-symmetric objects with refraction index distribution (RID), which
satisfy the condition (12). The experimental set-up is similar to that of Fig.1, but the Schlieren
intensity distribution (SID) must be recorded in different angular positions of the object, 6, which
is rotated around the origin of the coordinate system. In the general case, when n = n(x, y, 2), RID
can be determinated in different sections considering only the ray trajectory projections on the
plane x0y.

Let us consider a coordinate system, x'0y’, which is rotated by the angle 8 with respect to
the object coordinate system, x0y, in which:
x=x"cosf-y'sno
y=x'sinf+y'cosf
Due to the small variations of the refractive index, the changes of the light ray directions in the
phase object are as well small. Thus, the input ray which isincident at the height X' 3 and hasthe
dopedx M =0 wiII leave the object with the dlope:

(13)

(p.0)= %% dn X y)dy n—sJ’Z g—;(pcose ~y'sné, psind + y'cose)dy':n—ls% N(p,0)
(14)
where we have denoted:
N(p,G)zfm [n(pcosé - y'sin@, psin@ + y'cosB) - n_dy’ a5

ST [n pcosf —y'snf, psnd + y'cosf)—n pP(p— X' )dx'dy".
J’_°°J’—oo

In EQ. (15), o is ddlta distribution. Formally, in Egs. (14-15) the integration limits are chosen at
*oo, in spite of the fact that RID and its Slope vanish outside the object.
If we write RID in cylindrical coordinates, n(r,¢)=n(x, y), Eq. (15) becomes:

6)={ [.[n(r.¢)-n.Jplp-rsin(p - 6)larde . (16)
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Equation (16) is the Radon transformation of the function n - ns. Assuming that the planar section
of the object is contained inside of a circle with the radius R and with the center in the origin of
the coordinate system, Eq.(16) cc()uld be i)nverted as[4,13]:
1 a2 R ON /dp)dp
nir,¢)-n,. =—— do (17)
(r.9)-n. 2772 Jri2 % s rsin(p -60)-
Moreover, we can write RID as an integral transformation of the light ray deflection angle:
n(r¢)-n _ 1 J.nfz dGJ’R _SX(P,G)dP _ (18)
n, 2r? bz Ry dn(g - 6) -
Due to the integrand singularity for p = r sin (¢ - 6), the second integral in EQ.(18) must be
interpreted in the sense of the Cauchy principal value.
If the light ray deflection angleistaken asin Eq.(14 ), (18) becomes:

Mpe'zi 1
(19)

L L ¢ 6)-p "

which is a generdisation of Abel-type equation from (11) by a Radon-type integral
transformation. When | is independent on 6, we have:

f¢

7 i ED for p*<r?
K = = 20
(p,r) J:Tr E‘hn(¢—9)—|p| B_ 27-[ - ’ for p2 >r2 ( a)
2 0 r
S0 that:
| /12 |:| | | |:| |
W -1 O Rl~—-1 —-14 O Y
2 +R B 0 | R | 0 ) R I o (200
d : dp=-nQ p+ pO=2n[————4dp
_J; J;f5|r1(¢7—¢9)—||0| Ry P> -T2 '!’ p?-r® O 14p*-r?
2 (] ]
U U

and the result from Eq.(11) is again obtained.
In (19), we can denote: 1 (p)=1(p,6,2)/1, and after a simple change of the integration

domain of the variable p, we can obtain'

n%:ir’¢’%y \/I( +\/I(+ p) dp (21)

DJ’dG DJ’ Tt —0)-

Integrating by partsin the %cond integral from Eq.(21), one gets the final formula:

E—rd) % DJ’d@DJ’H nlsin(p - 6) - ‘B—M(— J+ TPk, (@2
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Eq.(22) represents the general equation of the Schlieren tomography, which allows the RID
reconstruction for non-symmetrical objects from intensity measurements in Schlieren images.

3. CALCULATION OF THE MASSDENSITY FROM RID

A second inverse problem in the quantitative Schlieren method is the determination of the
mass density using the measured RID. This problem is dependent on the fluid type.

In the air flows, used in aerodynamics, the density distribution can be calculated from
RID by using Gladstone-Dale relation [1]:

n-1=2,94x10" P, (23)
Po

where py is undisturbed (stationary) air density.

Finally, the density and the pressure are related by well-known equations:

o _(y=9p.+(y+1)p

p. (y-Dp+(y+Ip.

(Rankine-Hugoniot eq., in the region of the shock waves)

=

Op Ly
P %ﬁg (adiabatic eq., outside of region with the shock waves, y= 7/5),
Pe P..

and the pressure distribution can be calculated everywhere in the air flow.

For liquids [1, 20], the density distribution can be calculated from the refractive index by
Lorenz-Lorentz equation:

n2-1/ (N2 +2)p= A, (24)

where A is the molecular refractivity. For water, it was measured: A= 0.206 (at A = Ap, natrium
line). This relation is experimentally proved from the vapour state to 4°C with precision (2-3)%
and for pressure increase of 1800 atm. The water density changes very little with the pressure and
temperature. For example: at 0°C and 1.0 atm, p=1.000[1103 Kg/m3 ; at 100°C and 1.0 atm, p=
0.958[M08 Kg/m3; at 0°C and 50 atm, p=1.002[1103 Kg/m3 . If we consider the incompressible
fluid, the refractive index will exhibit no change with the pressure variations.

Though, the refraction index changes with the temperature are not negligible [15]. For
water, at 300°K, the following dependencies were found:

-drvdT [K-1] = 1.001104 (546nm)

= 0.985[1104 (633nm)

and n-1.337253=-(2.8767 T + 0.14825 T2)(105  (546nm)
n- 1.3331733 = -(1.936 T + 0.1699 T2)[1L05 (633nm)

4. PRECISE NUMERICAL ALGORITHM FOR THE QUANTITATIVE SCHLIEREN
METHOD, IN THE CASE OF AXI-SYMMETRICAL OBJECTS

For axi-symmetrical objects, we can introduce the notations: r' =rr,, and r = {r,, and the
variable change:
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InILr+ T - )/ZJ (25)
'nlwfi yel

which leads to the new form of Ec. (11):

%z . f—l %nm%ﬁif(n)dn, (26)

with:

infiei-22)i¢] ad  t@)=1- 'Tlr“”z. 27)

00

Theintegral in Eq. (26) can be calculated by sums using the Tschebyshev polynomia method:

1% 1 keN D k
—(f = f 28
211 (7 2N + ZH N+05D %—N+0-5% )
where N isthe number of equally spaced experimental points.

Finaly, the distribution of refractive index (RID) can be written as.

n EZ r,, f—z% —In[([+\/ﬁ)/Z]D

f2

O——m- /I J r,,—z D+ZZEL rrk—z I,
2N +1@ f, f, f, EE
N-k+0.5

with: 7, = z Nv05 glh/l—ﬁ)“%% +(L—,/1—z2 N+°-5§. (30)

(29)

5. EXPERIMENTAL RESULTS. TESTING THE ANALYTICAL FORMULAE FOR THE
SCHLIEREN METHOD

Our experiments were done with a standard Schlieren system (with continuous and pulsed
guasi-monochromatic illumination) at a supersonic aerodynamic flow tunnel. The Schlieren
images were recorded on a standard photographic film (35 mm, 100-200ASA large dynamics,
flexibility in exposure time and high resolution)

The recorded images were read-out by a TV camera and digitised in an array of 256x256
pixels with 256 grey levels. The TV camera constant, ). , was determined using a calibrated step
density mask in each Schlieren image, in a region corresponding to the free flow). The film
constant, y , was determined by using a step density mask (an exposed film with known density
steps recorded at known uniform illuminations and different exposure times), which was fixed on
the aerodynamic tunnel window.

The Schlieren image was calibrated in a fixed point with the data given by a pressure
Sensor:

N(re,¢s)~N(rsy.¢s) = F



Analytical treatment of Schlieren method 595
where the index "s" is associated to the sensor location and the index "sw" to the coordinates
of a point situated immediately under the shock wave, for which the ratio pg,/0,, IS given, with
ago approximation, by the Mach number only. In our case, pg,/0,, = 1.43.

Denoting by:
(1) = 0s s P(rend s) = Pay

n(r.,¢s) =ng;nre,, {) =N,

B
Peo
(0#&) 27|
H '
i
L / + = -
rlow )
-

Shock wove

Fig.3. Quantitative results obtained using Eq. (29) for processing Schlieren images of a supersonic
flow (crosses) and the theoretical predictions of the aerodynamic modelling (solid lines)
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for an arbitrary point situated on a line between the shock-wave ad the model, perpendicular to
the model axis (Fig.3), the Gladstone-Dale relation leads to the determination of the ar density in
the region of interest of the flow as:

P g e PF0G) (31)

ps/v Dps/v D F (rS’ZS)

Adiabatic equation gives the results:

conic surface: (p/ P )exp = 2.10% 0.03; theoreticd prediction and sensor: p/p,=211

cylindrical surface: (p/ P, )exp = 0.81+ 0.5; - P p,=0.78.
The quantitative Schlleren method developed by us offers also the posshility to measure

the presaure in an arbitrary point of the flow, for example, a cnstant presaure on a @nic surface

co-axial with the shock wave surface ad with the same gex:

g0, =08: 32-H =192+004

© —exp

g8, =105; P = (175£002)
o L
where 6 is the half-angle of the isobar-cone.

Moreover, the experimental dependence of theratio p/ p,, can be determined in function
of the radial distance on the mne surfacefor ¢; = 0.837 h, (h is the mne height) (Fig.3). Both
regions under the shock wave (I) and over the free flow (ll) are dealy and preasely
charaderised. The discontinuity of the ar presaure distribution at the passage through the shock
wave s clealy illustrated in the experimental data.

6. CONCLUSIONS

In this paper, we have obtained new analytica results for the predse quantitative interpretation of
the Schlieren images:
- for planar phase objeds (e.g. wings);
- for phase objeds with axial symmetry (e.g. cylindricd and conicd parts), by Abe-type

tomographic inversion,
- for non-symmetricd phase objeds, by Radon-type tomographic inversion.
In the cae of axi-symmetricd phase objeds, we have daborated a predse numericd agorithm
also, which simplifies the software for the experimental data processng. The analyticd results
were verified in experiments with supersonic tests of cylindricd and conicd models. Processng of
the experimental data with our agorithm and with careful corredions and cdibrations leads to a
good agreament between the experiments and the theoreticd predictions of the a&odynamic
modelli ng.

REFERENCES

1. W. Merzkirch, “Flow Visualisation”, Academic Press 1987
2. H. Lipson, “Opticd Transforms’, Academic Press 1972



Analytical treatment of Schlieren method 597

3. V.l.Vlad, R.Zadu, JMaurer, N. Miron s D.Sporea Prelucrarea optica ainformatie,
Editura Academiei Romane, 1974

4. W. Hauf, U. Grigull, “Opticd Methods in Hea Transfer”, in J. P. Hartnett, T. F. Irvine, Jr.,
Eds., Advancesin Heat Transfer, Academic Press New York, London, 197Q pp. 133— 366

5. V. I. Vlad, N. lonescu-Pdllas, |. Apostol, “Accurate refradive index measurements using
computerised Schlieren and focusing methods’, Proc. SRE, 1319, 649 -654(1990 and Rev.
Roum. Phys., 36, 915— 9221991)

6. V. I. Vlad, N. lonescu-Pallas, I. Apostol, “Quantitative Schlieren method using digital image
processng for supersonic flow charaderizaion”, Proc. SAE, 1771, 1771—- 17741992

7. Greenberg, P.S., Klimek, R.B., Buchele, D.R., Quantitative Ranbow Schlieren
Defledometry, Applied Optics, 34 (19), 381038221995.

8. Waeinstein, L., An Improved Large-Field Focusing Schlieren System, AIAA Paper 91-0567,
29th AerospaceSciences Meding, Reno, January 7-10, 1991

9. Doggtett, G, and Chokani, N.: A Large-Field Laser Holographic Focusing Schlieren System,
AIAA Paper 92-3936 17th AerospaceGround Testing Conference, Nashvill e, July 6-8 1992

10. Cook, S, and Chokani, N.: Quantitative Results From The Focusing Schlieren Tednique,
AlAA Paper 93-0630Q 31st AerospaceSciences Meding, Reno, January 11-14, 1993

11. Alvi, F.,and Settles, G.: A Sharp-Focusing Schlieren Opticd Defledometer. AIAA Paper, 93-
0629 31st AerospaceSciences Meding , January 11-14,1993

12. Weinstein, L.: A Large-Field High-Brightness Focusing Schlieren System. AIAA Journal,
31(7), 125012551993

13.V.I.VIad, N. lonescu-Pallas and Fl. Bociort, New treament of the focusing method and
tomography of the refradive index distribution inside the inhomogeneous optica components,
Opticd Eng. 35(5), 13051996

14. Carpenter P.W, Green P.N, The a@oawustics and aaodynamics of high-speed Coanda
devices, Part 1. Conventional arrangement of exit nozze and surface Journa of Sound and
Vibration, 208(5), 777-801(1997)

15. Agrawal A.K., Butuk N.K., Gollahali S.R, Griffin D., Three-dimensional rainbow schlieren
tomography of atemperature field in gas flows, Appl. Optics,.37(3), 479-4851998.

16. Brysev A.P, Krutyanskii L.M, Preobrazhenskii V.L, Wave phase cnjugation of ultrasonic
beams, Uspehi Fiz. Nauk, 168(8), 877-890(1999

17. Bystrov S.A, Honma H., Ivanov V., Koreada J., Maewo K, Shugaer F.V, Yanagisawa H,
Density reanstruction from laser schlieren signal in shock tube experiments, Shock Waves, 8
(3), 1831891998

18. Shenoy A K, Agrawa A.K, Gollahalli S.R, Quantitative evaluation of flow computations by
rainbow Schlieren defledometry, AIAA Journal, 36(11), 195319601998

19. AlAmmar K, Agrawa A.K, Gollahdli S.R, Griffin D, Applicaion of rainbow schlieren
defledometry for concentration measurements in an axisymmetric helium jet, Experiments in
Fluids, 25(2), 89951999

20. Noadk J, Vogel A, Single-shot spatialy resolved charaderizaion of laser-induced shock
waves in water, Appl. Optics, 37(19), 409240991998

21. Tanda G, Devia F, Applicaion of a schlieren technique to hea transfer measurements,
Experiments in Fluids, 24(4), 285-290(1999



598 V.l.Vlad, N.lonescu-Pallas

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Iwase O, Suss W, Hoffmann D.H.H, Roth M, Stockl C, Geissel M, Seelig W, Bock R, Laser-
produced plasma diagnostics by a combination of Schlieren method and Mach-Zehnder
interferometry, Physica Scripta, 58(6), 634-635(1998)

Greenberg P.S, Weiland K.J, VanderWal R.L, Microgravity combustion diagnostics: the path
to the International Space Station, Measurement Science & Technology, 10(10), 831-
835(1999)

Dubois F, Joannes L, Dupont O, Dewandel JL, Legros JC , An integrated optical set-up for
fluid-physics experiments under microgravity conditions, Measurement Science &
Technology, 10(10), 934- 945(1999)

Kimmel R.L, Poggie J, Schwoerke S.N, Laminar-turbulent transition in a Mach 8 elliptic cone
flow, AIAA Journal, 37(9), 1080-1087(1999)

Zakharin B, Stricker J, Toker G, Laser-induced spark Schlieren imaging, AIAA Journal,
37(9), 1133-1135(1999)

DeWispelagre E, Maka V, Huller S, Amiranoff F, Baton S, Bonadio R, Casanova M,
Dorchies F, Haroutunian R, Modena A, Formation of plasma channels in the interaction of a
nanosecond laser pulse at moderate intensities with helium gas jets, Physical Review E, 59(6),
7110-7120(1999)

Agrawal A.K, Albers B.W, Griffin D.W, Abel inversion of deflectometric measurements in
dynamic flows, Applied Optics, 38(15), 3394-3398(1999)

Kochetov 1.V, Mazalov D.A, Pal A.F, Filippov A.V, Study of spherical shock wavesin a non-
self-maintained discharge by the laser schlieren technique, Plasma Physics Reports, 25(5),
375-386(1999)

Muller R, Marquard J, The Hilbert transform and its generalization in optics and image
processing, Optik, 110(2), 99-109(1999)

Bibbo L, Giovambatista N, Gomez P, Olivieri M, Tibaldi C, Berna L, Pouzo J, Bilbao L,
Optical measurements in an exploding wire experiment, Astrophysics and Space Science, 256,
467- 472(1998)

Woodcraft A.L, Lucas P.G.J, Matley R.G, Wong W.Y.T, Visualisation of convective flow
patternsin liquid helium, J. Low Temperature Physics, 114, 109-134(1999)

A.Petris, D.Popa, A.Jianu, C.Popa and V.l. Vlad, Optoelectronic Visuaization and Study of
Heat Transfer from Metal Wires to Water by a Compact Schlieren System, Proc. SPIE, 4068,
491-6(2000)

A.Petris, C.Popa, D.Popa, V.l.Vlad, Visualization and Study of the Heat Diffusion in Glass by
a Compact Schlieren System, Proc. SPIE, ROMOPTO 2000

M.Kurzeluk, A.Guzun, A.Petris, V.l.Vlad, Study of phenol adsorption using real-time
holographic interferograms in photorefractive crystals, Proc. SPIE, ROMOPTO 2000






